MATH 211-2014S FINAL EXAM

NAME:

(1) circle all the statements that are correct
(T) F if2+1=0and1+2=2+1then2+2=3o0r2+2=4

®

)

(T) F there is exactly one set A such that |P(A)] <1

T (F) if AUC=BUC then A=B
’/'I‘\) F The cardinality of B @ B does not depend on the cardinality of B

Q_I,‘,) F A and B are two set such that |A| = 3 and |B| = 4. The number of
one-to-one functions from A to B is P(4,3)

T ’QE,} The bubble sort has complexity ©(n?)
T @ The coefficient of z''y® in the expansion of (z — 3y)'" is 0

7N
T lL\Ig‘/) The inverse of @ modulo m always exists but it may not be unique unless
ged(a,m) =1

T ’@ The number of subsets, of a set with 10 elements, that contain more than
two element is 1013

T J.i‘ The characteristic equation of the recurrence relation

Qp = —Qpg — On_g isT*—72—-1=0

(2) There are seven girls and seven boys in a group. A committee of 6 people is to include
3 girls and 3 boys. How many committees are there such that Lama is included but
Sama is not included? (where, of course, Sama and Lama are two girls in the group).
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(3) A communication channel can transmit three types of signals, a, b, c. Each of the
first two signals takes one microsecond to be transmitted, while the third signal takes
two microseconds. So, for example, some of the messages that can be transmitted in
3 microseconds are: aaa, ac, bc, and cb. Write a recurrence relation for the number
of distinct messages that can be transmitted in n microseconds if a message can only
include some or all of the three signals described above. Specify any necessary initial

conditions.
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(4) The number of bit strings that have length between 7 and 10 (inclusive) and both start
and end with zeroes is
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(5) The number of English strings with four letters and that have exactly two distinct

letters is : /
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(6) Given that a =7 mod 12, b =11 mod 12, c =5 mod 12, d = 6 mod 12, find the
remainder of the division by 6 of a* + b* + ¢* + d*
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(7) A particular solution of the recurrence equation [ O+§ o S \/nifrﬂ i e, o] 5
Qp = 3Ap_1 + 4an_o +n2" is oL L(( ’% e 0 ¢
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(8) Show that the relation R, consisting of all pairs (z,y) where x and y are binary strings
of length two or more that agree in their first two bits, is an equivalent relation on the
set of all binary strings of length two or more. State explicitly the equivalence classes

of this relation. | . ,
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(9) Consider the relations, on the set {1,2, 3,4},
R, = {(17 1)7 (1a 2)’ (21 1)’ (27 2)’ (3v4)a (4’ 1)7 (4, 4)}
- Ry =1{(1,1),(1,2),(3,4)}
73 Dt'(a) represent each relation both using a digraph and a matrix.

Ly*(b) Write the matrices of the relations R; \ Rz, Ri o Rs.
. ‘?“f. (c) Which of these relations is antisymmetric? symmetric?
o g% (d) Write down (your own) relation on the set {1,2,3, 4} that is both symmetric and
f antisymmetric?
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(10) Apply the extended Euclidean Algorithm to find gcd(765, 101), then use it to calculate
the inverse of 101 modulo 765

745 = Frlol 453 | L =173 _Gx2 )% é(r§-13)
ol AxsT a4 2 g3 = €19 =7(43 -2-15)¢
sg = |x42 +15] = ~20015) + F(43) =-20(58-43 )1 -4
pe =2x15 1352204 -20(528) = 27 (| ol -53) 20%5:
15 = 1% 13 + 2 1 42(57) + 27(lol)2

12 = 6xZ L | -4H( 765 -Frlol) + 2F(le])

2 = 2+ 0 1=35¢(lo]) -4Fx 765 .
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(11) A and B are two set such that |A| = 3 and |B| = 4. Find the number of onto functions
from B to A.

‘3L1__ C(3,1) -@_‘Dq—r C(3,2) (3 ’2)11

=gl - 3x16 +3 = 36



(12) Suppose that the variable z represents students and y represents courses, and:
U(y): yis an upper-level course M (y): y is a math course F(z): z is a freshman
A(z): = is a part time student  T'(z,y): student z is taking course y.
Write the statements below using these predicates and any needed quantifiers.

(a) every freshman student is taking at least two coursed.
(b) there is a part time freshman student who is not taking any course.
(c) there are at least two freshmen students who are taking the same upper level math

courses.
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(13) Prove that an integer n is odd unless 5n* + 7 is odd. "T \/\ A_j‘ \ (
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b se Bn ot s odd.

(14) Find a function from Z to N that is a bijection. You will need to verify that your
function is one to one and onto.
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(15) Give a recursive definition for the set of positive integers not divisible by 2 nor by 3.
Rase Cane: 4 e < ), g€ §
e cunsSVe g‘wf ; IL,g g €& S J(ﬁ\;m S é € S

(16) Prove by induction that fZ + f7 + -+ + f2 = fnfas1 where f, is the nt* Fibonacci
number.
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(17) Given a list of integers (not necessarily all distinct), write a function that returns the
last occurrence of the minimum. (For full credit, the function complexity must be
linear, i.e. the number of computations must be O(n) where n is the size of the input

list).
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